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High-Tc superconducting materials (HTSC) have anomalous properties such as the pseudo-gap 
or spin-gap etc., in Hall coefficient, \fT\T and the density of states etc. First including effects 
of strong on-site repulsion between d-electrons at Cu-sites, we obtain quasi-particles with super- 
exchange interaction J s , whose band width tends to zero, i.e., the system goes to insulator, as 
8 tends to zero. The quasi-particles correspond to Zhang-Rice singlet states. J s larger than the 
band width combined with the 2-dimensional character of the system induces strong antiferro- 
magnetic (AF) and superconducting (SC) fluctuations. We treat effects of the AF ones in the 
FLEX approximation and those of the SC ones in the self-consistent t-matrix approximation to 
show that both fluctuations in the under-doped region start to increase at To as T decreases from 
T ^> T c , the AF ones dominate the SC ones at T > T sg , while SC ones dominate at T < T sg . 
This cross-over of the fluctuations causes the anomalous phenomena in the under-doped region. 
We also obtain the T — S phase diagram of HTSC consistent to one observed in experiments. 

KEYWORDS: pseudogap, superconducting gap, superconductivity, superconducting fluctuation, spin fluctuation, 
superexchange interaction, Hubbard model 



Since the discovery of the high-T c superconducting ma- 
terials (HTSC), the anomalous metallic phase have at- 
tracted much attention, where various anomalous prop- 
erties have been observed in considerably wide tempera- 
ture range higtuiLtJ^rLlta superconducting transition 
temperature T c H , Baa'Bl3'Q'B'. The antiferromagnetic 
fluctuations (AF fluctuations) are observed in various ex- 
periments, e.g. theNMREf , the neutron scattering© and 
the Hall coefficients!' fl. On the other hand, the pseudo- 
gap is also observecLin various experiments, e.g. the tun- 
neling spectroscopy™ and the angle-resolved photo emis- 
sion spectroscopy (ARPESjErLrcP, which is of the same 
size and has the same k-dependence as the supercon- 
ducting gap (SC gap). There are several different views 
regarding the origin of the anomalous metallic phase, 
especially concerning the pseudogap. For example, the 
pseudogap may be interpreted as a spin-excitation, aap 
in the singlet RVB states obtained in. tJi^- -LmodelB t2P , 
or as precursor of the SC gapBBBy>fea> E3>. 

Based on the above experimental results, we have sug- 
gested a mechanism of the superconductivity and the 
anomalous metallic phaseO, where the AF fluctuations 
and the superconducting fluctuations (SC fluctuations) 
play essential roles as described in the followings. These 
fluctuations are induced by significant features of the 
HTSC, i.e. a quasi-2 dimcntional metal in the vicinity 
of the Mott insulator. In metals near Mott insulators, 
doped carriers create narrow quasi-particle band inside 
the charge transfer gap called as in-gap states, which 
have band width proportional to the hole doping rate 8 
and interact withjeach other through the superexchange 
interaction J s EZrE3 , E3'. It is essentially the strong corre- 
lation effects. Strong AF fluctuations are induced by J s 



in the in-gap state. The pairing interaction mediated by 
the AF fluctuations induces the high-T c superconductiv- 
ity with d x 2_ y 2 symmetry. At the same time, the pairing 
interaction promotes strong SC fluctuations because of 
the quasi-2D electronic system, which induces the pseu- 
dogap in the quasi-particle spectrum. The pseudogap 
suppresses the AF fluctuations. Thus, effects of both of 
the AF fluctuations and the SC fluctuations need to be 
treated in a consistent way. 

In our previous studiesEf , we have shown that the SC 
fluctuations induce the pseudogap and plays key roles in 
the anomalous metallic phase by using the self-consistent 
t-matrix approximation based on the in-gap state and J s , 
which are derived in the 2-band Hubbard model with the 
help of the slave boson tpcbniqup together with the 1 /TV- 
expansion theorjOBEP. We have shown that 1/TiT of 
the NMR increases as T decreases at high temperatures, 
and reaches a maximum at T sg followed by a sharp drop 
in the under-doped region, due to the evolution of the 
pseudogap. The evolution is consistent with those of the 
ARPES experiments. B It has been also shown that T c 
is suppressed by the SC fluctuations in the under-doped 
region. 

In the present study, we demonstrate the above 
senario explicitly by taking the AF fluctuations in the 
fluctuation-exchange (FLEX) approximation and the SC 
fluctuations in the self-consistent t-matrix approxima- 
tion to treat both fluctuations on the equal footing, 
which are also based on the in-gap state and J s in the 2- 
band Hubbard model. By using the Green's functions 
thus obtained, we calculate T c , the antiferromagnetic 
transition temperature Tn, \jT\T , the spin susceptibility 
and the density of states. As a result, we obtain the T-5 
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phase diagram which is consistent with that observed in 
HTSC. 

First, we describe our model and formulation. We 
take the simplest version of the U — oo 2-band Hubbard 
model for describing the electronic system in the CuC>2 
plane: 

+ N^J2{t ik c+ <T d ir ,bt + h.c.}, (1) 

ikcr 

which is treated within the physical subspace_where local 
constraints Q l = Y, a d^d^ + bfbi = 1 holdBEI>. In the 
above, c ko ., di G and hi are annihilation operators for a 
p-hole with wave vector k and spin cr, a d-hole at i-th site 
with spin a and a slave boson at i-th site, respectively, 
and i ik — t k exp(— ik -Hi), with t k = 2t[l — ^(cos k x a + 
cos k y a)) z ,where a is the lattice constant (we set a = 1), 
and TVl is the total number of lattice sites. 

The quasi-particle Green's functions pf.the leading or- 
der in the 1 /iV-expansion are given by EZrllS-' 

G (k,w) = Y, A y (k)/(w-.E y (k)+iO + ), (2) 

with £ 7 (k) = |[ £p + uj + j((e p - loq) 2 + 46^)1/2] , 
A 7 (k) =7(£; 7 (k)-a;o)/(^+(k)-£7_(k)), where N rep- 
resents the spin-orbital degeneracy of d-hole and then we 
set N = 2 in the present case. The binding energy loq 
and the residue b of the pole in the slave-boson Green's 
function are self-consistcntly determined together with 
the chemical potential /i. Here, it is noted that the solu- 
tion E- (k) denotes the in-gap state emerging inside the 
charge transfer gap, A = e p — Ed, upon doping carriers to 
a Mott insulator. The band width and the residue of the 
in-gap state roughly equal 2wo and 6, respectively, and 
are proportional to 8 in the under-doped region. The 
effects of the interactions among the in-gap, states are 
of higher-order terms in the l/iV-expansionSt^L-IP Re- 
cently, it has been shown that quasi-particle interactions 
via the superexchange interaction J s play dominant roles 
in under-doped systems S3 

Now, we derive the coupled equations of the AF fluc- 
tuations and the SC fluctuations. The AF fluctuations 
via J s are given by 

V(q,u) = J s (q)/(1 - J s (q)x s (q,^)), (3) 

with J s (q) = — J s (cos(q x ) + cos(q y )) and the irreducible 
spin susceptibility 

X s (q^) = A^E^k+q.k 7 ^ 1 / dxf ^ 
k 3 

x [ImG(k + q, a;)G(k, -w + x)* 
+ G(k + q, lj + x)ImG(k, x) 

- ImF(k + q, x)F(k, -lj + x)* 

- F(k + q, uj + s)ImF(k, x)} , (4) 

where Q kk , = 6 2 ^,/((£;_(k) - co ) 2 (E-(k') - co ) 2 ). 
It was shown that a component with the d x 2_ y 2 sym- 



metry among various components of the spin- fluctuation- 
mediated interaction contributes dominantly to the pair- 
ing interactionriP We take only the component with the 
d x 2_ y 2 symmetry of the pairing interaction as 

^ = Ar L 2 EEW-k',0)^ k „ (5) 
k k' 

with = cos(k x a) — cos(k y a). 

The pairing susceptibility x p (q, cl>), which is the irre- 
ducible part of the t-matrix, is given bycJ 

x p (q,^) = xS(q,^) 

+ ifcjg(q 1 a;)xS t (q,w)/(l - Vdftfav)), (6) 

where the pairing susceptibility due to the normal 
Green's fucntions is given by 

Xg(q, W ) - -^EViAk.q-k 7 ^ 1 / dx 
k 3 

x [/(i)ImG(k, a;)G(q - k, oj - x) 
-/(-x)G(k,a;-x)ImG(q-k,x)], (7) 
while that due to the anomalous Green's fucntions by 

X P (t) (q,c) = -A^E^kq-k 7 ^ f dx 

k 3 
x [/(a;)ImF (t) (k, x)F W (q - k, u - x) 
- /(-a;)F (t) (k, u - i)ImF (t) (q - k, a:)] (8) 

and A kk , = bHH?, / '((ttT) 2 + w 2 ) 2 . In the above both 
O k k , and A k k , are the vertices connecting p- and d- 
holesll 

Self-energy corrections due to the SC fluctuations in 
the t-matrix approximation are given by 

S SC f(k,c i ;) = V k JV L - 1 ^A kq _ k 7r- 1 f dx 

q 3 

x [f(x)T(q, x + w)ImG(q - k, x) 

-g(x)lmT(q,x)G(q-k,x-ujy}, (9) 

with the t-matrix of the SC fluctuations 

T(q, u) = ^X P (q, w)/(l - v d x p (q, w)), (10) 

where g(E) = {exp{E/k B T} - l)" 1 . 

Self-energy corrections due to the AF fluctuations 
in the fluctuation exchange (FLEX) approximation are 
given by 

EAFf(k,w) = ^L 1 E A k.k-q^ 1 / dx 
q J 

x [g(x)lmV(q, x)G(k — q, u — x) 
-/(-x)V(q, u) ~ x)ImG(k - q, x)]. (11) 
The renormalized Green's function is given by 
G(k,w) = [Golk^r^Escfkw) 

-Escf(k,w) -S AF f(k,^)]- 1 , (12) 
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and the anomalous Green's function is 

F(k, w) = -G n (k, -uj)* A sc (k)G(k, w), (13) 

where the self-energy due to the SC gap 

E sc (k, w ) = -6- 2 G n (k,-^r|A sc (k)| 2 , (14) 

the renormalized Green's function without £gc(k, u>) by 

G„(k,w) = [Go(k^)- 1 

-E SC f(k,w) -S AF f(k,c i ;)]- 1 (15) 

and the SC gap with the d x 2_ y 2 symmetry by Asc(k) = 
Vdil^t^Asc- The order parameter Asc is determined 

by 

l-a = -VdN^ 1 ^2 ^k A k,k 7r_1 / dx 
k J 
x[f(x)ImG n (k,x)G(-k,-x) 

-f(-x)G n (k,~x)ImG(-k,x)}. (16) 

Both the SC and AF fluctuations are self-consistently 
treated by solving the coupled equations (3)-(16). 

At T = T c , eq. (16) corresponds to the Thouless cri- 
terion, 1 — ivx p (0, 0) — a = 0, where a represents degree 
of the 3D effect in the quasi-2D electronic system. In 
the present model 1 — VdX p (Q> 0) does not reach zero at 
finite temperatures by the effect of Sscf(k, u>), because 
we take a 2D electronic ststem in the calculation of the 
above coupled equations. We take a = 0.5 in the present 
study so as to have finite T c of O(100K). 

We define Tn as the temperature where 1 — 
Js(Q)x s (Q,0) -0 = 0, where Q = (tt, tt) and (3 rep- 
resents degree of the 3D effect. In the present model 
1 — ^s(Q)x s (Q> 0) a lso does not reach zero at finite tem- 
peratures by the effect of SAFf (k, u>) in the 2D electronic 
ststem. We take (3 = 0.02 in the present study. 

By using the solusions of the above coupled equations, 
we calculate the NMR relaxation rate, 

(TxT)- 1 = N- 1 Vf tl (q) limImf(q, W )/ W , (17) 

* — ' u — ► U 

1 

where x s (q,^) = X s (q,^)/(1 - J s (q)x s (q, ^)) and the 
factor F a b(q) is given in Ref. 26. 

In actual numerical calculations, throughout the 
present study, we set 2t = 1.0 (which is of O(leV) in 
real systems), A = 2.5 and J s = 0.1. For an example, 
we have uj = 0.0780 and b = 0.0515 at 6 = 0.1 The to- 
tal number of discrete points taken for the q-summation 
over the 2D first Brillouin zone is 32 x 32. The u-integral 
over the region from — 2luq to 2wo is replaced by the u>- 
summation of 80 discrete points. 

Figure 1 shows the T-5 phase diagram obtained by 
solving the above coupled equations. Both the AF fluc- 
tuations and the SC fluctuations begin to increase at 
T = To as T decreases. The AF fluctuations dominate 
in the region of T sg < T < T , while the SC fluctuations 
dominate in the region of T c < T < T sg , where To and T sg 
increase monotonically when 5 decreases. This crossover 
behavior induces the anomalous T-dependence of X/T\T 
as discussed in Fig. 2. As a result of the domination by 



the SC fluctuations in the under-doped region, T c has a 
maximum at 5 = 0.1 and decreases as 6 decreases. The 
key factor for obtaining these reasonable features is the 
narrow in-gap state with strong J s , i.e. J s /W > 1 in the 
under-doped region, where the band-width W is approx- 
imately proportional to i5. This phase diagram accounts 
for essential features of the phase diagram observed in 
HTSOT. 

0.06 1 1 , , 1 
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Fig. 1. The T-S phase diagram obtained by solving the coupled 
equations (3)-(16). There is the superconducting state with 
d x 2_ y 2 symmetry in the region of T < T c . The antiferromag- 
netic state exists in the region of T < T^. The spingap tem- 
perature T sg is defined as the temperature at which X/TiT has 
a maximum as shown in Fig. 2. We define To as the tem- 
perature at which the AF fluctuations begin to be appreciable, 
where explicit values of To are determined by the condition that 
[^(1/TiT)| t=To ]/[(1/TiT)] t =o.08,«=0.i] = -0.02. Wc note 
that the SC fluctuations also become appreciable at T To as 
discussed in Fig. 3. The metallic region at T J; To is the anoma- 
lous metallic phase. 



Figure 2 shows T-dependences of 1/T\T obtained by 
applying 3 different types of approximations for x s in eq. 
(17) at 5 = 0.1. In the case of RPA, 1/TiT diverges at 
T = T^- PA , which indicates the system becomes the an- 
tiferromagnetic state. In the case of FLEX, l/T^T does 
not diverge but increases monotonically as T decreases. 
By solving the coupled equations including both the AF 
fluctuations and the SC fluctuations, 1/T\T is strongly 
suppressed in the low temperature region, and then has a 
maximum at T sg . It is a typical example of the crossover 
behavior of the fluctuations in the anomalous phase. 

Figure 3 shows ^-dependences of the normalized den- 
sity of states p(oj) / p° (loo) at S = 0.1. The pseudogap be- 
gins to open at T = 0.06 = To and develops gradually as 
T decreases, suppressing the AF fluctuations, which in- 
duces the crossover of the fluctuations. The pseudogap is 
induced by the SC fluctuations via the self-energy correc- 
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Fig. 2. T-dependences of 1/TiT obtained by applying 3 different 
types of approximations for \ s in eq. (17) at <5 = 0.1. The solid 
line represents 1/T\T obtained by solving the coupled equations. 
The dashed line represents 1/TiT obtained by the FLEX approx- 
imation where only the self-energy corrections of the AF fluctu- 
ations are included. The dotted line represents 1/TiT obtained 
by the random phase approximation (RPA), i.e. no self-energy 
corrections of fluctuations are included. 



tions, and has the same size and the same k-dependence 
as the SC gap, i.e. the precursor of the SC gap. 
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Fig. 3. cj-dependences of the normalized density of states 
p(u)/p°(u ) at 6 = 0.1 and T = 0.06, 0.05, 0.04, 0.03, 0.02 
and 0.01, where T c = 0.012. The density of stats p(oj) = 
— ^ y^p, ImG(k, ui) is obtained by solving the coupled equa- 
tions, and p°(uj) is obtained by using the Green's function of 
the in-gap state (eq. (2)) where no self-energy corrections of 
fluctuations are included. 



The present study sheds light on a new problem in 
strongly correlated systems where two kinds of strong 
fluctuations affect each other. We have shown that the 
phase diagram of HTSC is described by our senario con- 
sistently. The narrow in-gap state and strong J s are the 
key factors for describing the features of the phase dia- 



gram in the under-doped region. As for the quasi-particle 
interaction, the on-site Coulomb interaction is not effc- 
tive in the under-doped region, because it is reduced to 
same order of the band-width of the in-gap state, while 
J s remains to be finite almost independent of S in the 
under-doping regionEH' . 
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